In Chapter 10, we developed no-arbitrage pricing relations between options and the
underlying commodity. In Chapter 11, we developed option valuation equations. In
this chapter, essential elements of the last two chapters are used to describe and
analyze option/commodity portfolio positions. We begin by using arbitrage prin-
ciples to examine in detail the six basic option/commodity terminal profit diagrams.
Long and short positions in the call, the put, and the underlying commodity are
considered. Combinations of these positions are then used to create a wide array
of portfolios with different breakeven commodity prices, maximum losses, and
maximum gains. Synthetic positions, spread strategies, write strategies, and spec-
ulative strategies are considered. In the second section, the assumption of a log-
normal price distribution is used to extend the profit diagram analysis. Probabilities
of maximum losses and maximum gains are computed, as are expected profits for
the various strategies. The third section discusses a methodology for simulating
long-term option positions using short-term options. This methodology is particu-
larly useful in markets where long-term options are not actively traded. In the fourth
section, we discuss dynamic return/risk management. First, we discuss the expected
return/risk tradeoffs created using naked options and options in combination with
investment in the underlying commodity. We then focus on portfolio risk manage-
ment over short intervals of time and show how the risk exposures of individual
option positions can be aggregated across options to find portfolio risk exposures.
We show that judicious selection of investments in options, futures, and the under-
lying commodity can effectively manage these risks.

249
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12.1 TRADING STRATEGIES AND PROFIT DIAGRAMS

This section focuses on strategies where the option/commodity positions are held
until option expiration. After stating the assumptions underlying our analysis, we
present the six basic profit diagrams upon which the trading strategies are built.
The diagrams are first used to reconfirm the put-call parity relation using conver-
sion and reverse conversion arbitrage. We then focus on spread strategies, where
offsetting positions are taken to reduce commodity price risk. Following that, option
writing strategies, together with certain speculative strategies, are presented. The
specific trading strategies provided here are intended only to be illustrative, as the
number of possible trading strategies is limitless. The framework of analysis is suf-
ficiently general, however, that the reader can analyze more complex portfolios with
the tools presented.

Assumptions

The only new assumption made in this section is that all positions, including any
position in the underlying commodity, are held until the options’ expiration, 7. As
in the previous chapters, the cost of carrying the underlying commodity occurs at
the rate b. A long position implies that the holder pays the carry cost, and a short
position implies that the holder receives the carry cost. Also, as in previous chap-
ters, the carry cost includes not only interest but also additional charges (receipts)
from holding the commodity. The cost of carrying an option contract is only the
riskless rate of interest, r. The initial price of the commodity is denoted by S and
the terminal price is denoted by S;. The initial call and put option prices are denoted
as ¢ and p, respectively. If the option is purchased, the purchase price is financed
at rate r, and, if the option is sold, the sales proceeds are invested at rate r until
the option’s expiration. Unless otherwise noted, the call and the put are assumed
to have the same exercise price. A profit occurs when a position earns more than
the interest cost of the funds tied up in the position.

The analysis of each strategy proceeds in a stepwise fashion. First, we present
the profit function at maturity, 7, and then show the profit function in diagram
form. We then summarize the strategy by describing the breakeven terminal com-
modity prices (i.e., where the strategy has zero profit at the option expiration), the
maximum loss, and the maximum gain. The diagrams plot the zero profit position
as a solid horizontal line and plot the profit function as another solid line. The
intersection of the solid lines represents the zero profit position.

Six Basic Positions
The terminal profit functions of the six basic option/commodity positions are

1. Long commodity: Commodity is purchased and is carried at rate b until
option expiration at time 7.

mr = ST ot S(ﬂbT ‘12.18)
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FIGURE 12.1a Trading Strategy: Long Commodity

Profit
+

Terminal Commodity Price

Breakeven point:  S; = Se”’
Maximum loss: Se’”, where S, falls to zero
Maximum gain: unlimited, where S; rises without limit

2. Short commodity: Commodity is sold, and proceeds from sale earn rate b
until option expiration at time 7.

T = —ST+S€bT (12.1b)

FIGURE 12.1b Trading Strategy: Short Commodity

Profit
+

Terminal Commodity Price
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Breakeven point: S = Se’
Maximum gain: Se'”, where S; falls to zero
Maximum loss: unlimited, where S, rises without limit

3. Long call: Call option is purchased and carried at rate r until option expi-
ration at time 7.

Sy — X —ceT if Sr>X

—ce™T if Sr<X

FIGURE 12.2a Trading Strategy: Long Call

Profit
+

’ 4

Terminal Commodity Price

Breakeven point: Sy = X + ce”’
Maximum loss: ce’’, where $; < X
Maximum gain: unlimited, where S; rises without limit

4. Short call: Call is sold, and proceeds from sale earn rate x \gltil option
expiration at time 7. }

(12.2b)

{ ~Sp + X +ce’” if Sp>X
mr = rT :
ce it Spr <X
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FIGURE 12.2b Trading Strategy: Short Calli

Profit
+

AN

Terminal Commodity Price

Breakeven point:  S; = X + ce”
Maximum gain: ce'’, where S; < X
Maximum loss: unlimited, where S, rises without limit

5. Long put: Put option is purchased and is carried at rate r to the option
expiration at time T.
{ —pe™T if Sp>X
T = -
T X — Sy — pe'T if Sp< X {12.3a)

FIGURE 12.3a Trading Strategy: Long Put

Profit
+

i N

Terminal Commodity Price
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Breakeven point:
Maximum loss:
Maximum gain:

S, =X + pe”
pe’’, where S; > X
X — pe’", where S; falls to zero

6. Short put: Put is sold, and proceeds from sale earn rate r until option expi-

ration at time T.

pe’” if Sp>X
T = rT if
—X + S+ pe if Sp <X

(12.3b)

FIGURE 12.3b Trading Strategy: Short Put

Profit

+

/

Terminal Commodity Price

Breakeven point:
Maximum gain:
Maximum loss:

Sy = X + pe’
pe”, where S; > X
X — pe”’, where S, falls to zero

In the option positions described above and later in the chapter, the premium
paid by the buyer or received by the seller depends on the commodity price at the
time the option contract was written. In plotting the profit diagrams, we make rea-
sonable assumptions about the initial put or call premiums, but the shape of the
profit diagrams ‘is not affected by particular initial premiums paid. For positions
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involving a single exercise price, we generally assume options were at-the-money
when first traded. For positions involving different exercise prices, we generally
assume one option was at-the-money, while the other was not.

Riskless Arbitrage Strategies

The first two strategies, called conversion and reverse conversion arbitrage, were
discussed in Chapter 10 in the put-call parity sections. These are riskless trading
strategies designed to take advantage of temporary mispricings between the call,
put, and underlying commodity. To determine the profit functions of these, as well
as all subsequent trading strategies discussed in this section, we simply sum the
corresponding profit functions of the component securities presented in equations
(12.1) through (12.3).

7. Conversion: Buy commodity, buy put, and sell call.

Tp = ST 4 X + e’ — ]‘)(trT (12.4)

FIGURE 12.4 Trading Strategy: Conversion

Profit
+ N -
\ Long put 4
N /Long commodity
N 7/
N /
___________ N 7
N N o« 4 Conversion profit
0 -~ AN
KN
/ AN
/ N
/ N
e AN
e AN
_ \Short call
- Z

Terminal Commodity Price

Breakeven point:  none
Maximum loss: = =S¢ + X + ¢’ — pe’
Maximum gain:  m = =S¢’ + X + ce’ — pe”

The profit function (12.4) shows that the portfolio profit at option expiration
is certain since the terminal commodity price, S;, does not appear in the expression
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(i.e., the portfolio profit is insensitive to the future commodity price). This fact can
also been seen in Figure 12.4, where the portfolio profit is depicted as the upper
horizontal line. Since this line never crosses the zero profit line below it, the profit
is certain for all values of the terminal commodity price.

The economic meaning of this certain-profit result is important. Recall that
all positions in the commodity/options are entirely financed. It, therefore, stands to
reason that if the options and commodity are properly priced in the marketplace.
the terminal profit from this strategy is zero. And, if the terminal profit is zero.
then the put-call parity relation,

c—p=8eb T _ xe T {10.22)

which was derived in Chapter 10, must hold. When put-call parity holds, the two
solid lines in Figure 12.4 are coincident.

Conversion arbitrage comes into play when there are temporary mispricings.
For example, an institutional trader might buy a large number of index call options
in reaction to new information about the stock market. As a result of the excess
buying pressure on calls, the call price might increase by more than is warranted
relative to the prices of the put and the underlying stock index. As the market maker
sells the calls to the institutional trader, she may simultaneously buy the puts and
the index portfolio to lay off the commodity price risk of the short call position.
thereby capturing the temporary violation of put-call parity. Such trading activity
locks in a certain, positive profit.

8. Reverse conversion or reversal: Sell commodity, sell put, and buy call.

This strategy is simply the reverse of Trading Strategy 7 and is used when
put-call parity is violated in the opposite direction.

Synthetic Positions

Conversions and reversals exploit arbitrage opportunities by creating a synthetic
position in any one security from judiciously selected positions in the other two
securities. In a conversion, for example, a long position in a commodity, combined
with a long put position, is equivalent to a long call position. When this long call
position is combined with a short call position, a riskless portfolio results. To dem-
onstrate this idea in greater detail, we now show how synthetic long and short posi-
tions in the underlying commodity can be created by using call and put options.

9. Synthetic long commodity: Buy call and sell put.
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mr =87 — X —ce"T + pe'"T {(12.5a)

FIGURE 12.5a Trading Strategy: Synthetic Long Commodity

Profit
+

Terminal Commodity Price

Breakeven point:  Sp = X + ce” — pe”’
Maximum loss: X + ce” — pe’, where S; falls to zero
Maximum gain: unlimited, where S; rises without limit

Figure 12.5a shows that the profit function of the long call/short put position
is virtually identical to the long commodity position shown in Figure 12.1a. The
only difference between the profit functions (12.1a) and (12.5a) is that (12.1a) has
the term Se®”, where (12.5a) has the term X + ce” — pe’’. But this is expected.
If put-call parity (10.22) holds, these two values are equal. If, for whatever reason,
Set” > X + ceT — pe”, it is cheaper to create a long commodity position syn-
thetically than it is to buy the commodity itself.

10. Synthetic short commodity: Sell call and buy put.

7 = —Sp+ X +ce’ — per” (12.5b)
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FIGURE 12.5b Trading Strategy: Synthetic Short Commodity

Profit
+ <
Long put\ N
Synthetic short commodity
N
N
0

AN
. Short call
~N

Terminal Commodity Price

Breakeven point: Sy = X + ce” — pe”
Maximum gain: —X — ce™ + pe’”, where S; falls to zero
Maximum loss: unlimited, where S; rises without limit

The synthetic short commodity position is completely analogous to the short
commodity position discussed earlier. This strategy is particularly well suited if
short sale of the underlying commodity is difficult or expensive (e.g., short selling
the S&P 500 index). In such cases, the short call/long put portfolio becomes a
viable alternative.

Synthetic long and short option positions are also possible. Since the analyses
of these positions are fairly straightforward, we only describe the portfolio com-
positions below:

11. Synthetic long call: Long commodity and long put.
12. Synthetic short call: Short commodity and short put.
13. Synthetic long put: Short commodity and long call.
14. Synthetic short put: Long commodity and short call.

Multiple Option/Commodity Positions

One last basic idea is needed before proceeding with the analyses of more complex
option strategies. What happens when several options are purchased or sold? To
understand this, recall the profit function for the long position. To generalize it for
the purchase of n calls, we simply multiply (12.2a) by n, that is,
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{n(ST - X — ce’"T) if S >X
nwy = (12.6)

—nce"T if Sr <X

FIGURE 12.6 Trading Strategy: Long Multiple Calls

Profit
+
0
Long 1 call
Long 2 calls
Long 3 calls

Terminal Commodity Price

Figure 12.6 shows the profit diagrams for the purchase of one, two, and three
calls. Note that the breakeven point is independent of the number of calls pur-
chased. The important change is that more option premium is lost should the option
expire out-of-the-money, and the rate of profit per dollar of commodity price is
increased should the option expire in-the-money. This concept is used later in the
chapter when various ratio spreading and ratio writing strategies are discussed.

Spread Strategies

Spread strategies are strategies in which the risk of one security position is offset,
at least in some degree, by another security position; that is, one position benefits
from a commodity price increase and the other loses. A strategy will usually wind
up being neutral, bullish, or bearish. A neutral strategy is one in which the strategy
is profitable when the commodity price does not move by very much after the
position is taken. A bullish strategy is one that profits in the event that the under-
lying commodity price rises, and a bearish strategy profits when the commodity
price falls.

Spread strategies typically involve offsetting positions in options with differ-
ent exercise prices or different maturities. One might buy a call option with one
exercise price or one maturity and sell another call option w1th another exercise
price or maturity. Some of the possible spread positions are now described under
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four categories: volatility spreads, spreads based on differences in exercise prices.

calendar spreads, and diagonal spreads.
Volatility Spreads. Volatility spreads involve the purchase of a put and a call

or the sale of a put and a call.

15. Long straddle or long volatility spread: Buy call and buy put.

o {ST — X —(ce’T +peT) it Sp>X (12.7)
T=\ x-Sy —(peT +ceT) if Sp<X '

FIGURE 12.7 Trading Strategy: Long Straddle

Profit
+

AN
N e
\. Long put tongcall ~
7/

Long straddle

Terminal Commodity Price

Breakeven points: (@) Sy = X — (ce’™ + pe)
) S, = X + (ce™ + pe’)

Maximum loss: ce’ + pe’, where S; = X

Maximum gain: (@) X — (ce™ + pe™), where 5; falls to zero
(b) unlimited, where Sy rises without limit

As the profit function (12.7) and Figure 12.7 show, the straddle produces
positive profits where the underlying commodity price moves up or down by a
sufficient amount. For this reason, buying a straddle is often referred to as buying
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volatility. The strategy loses money where the terminal commodity price, S;, is
within the band X + (ce”” + pe’") at the options’ expiration.

16. Short straddle or short volatility spread: Sell call and sell put.

This strategy is the reverse of a long straddle. Investors short straddles or sel/
volatility when they believe that the commodity price will not move by much before
the options’ expiration.

17. Long strangle: Buy call and buy put, where the exercise price of the put,
X,, is less than the exercise price of the call, X, (i.e., X, < X,).

Sr — X — (ce™” 4 pe'T) if Sp>X.
mr = q —(ce™ +pe’T) if X, <Sr<Xe (12.8)
X, — St — (pe™t + ce™T) if Sr <X,

FIGURE 12.8 Trading Strategy: Long Strangle

Profit
+

Long strangle

Terminal Commodity Price

Breakeven points:  (a) S; = X, — (c¢’ + pc’")

(b) Sy = X. + (ce” + pe™)
Maximum loss: ce” + pe’’, where X, < S; < X,
Maximum gain: (@) X, — (ce™ + pe’™"), where S; falls to zero

(b) unlimited, where S, rises without limit
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A long strangle has the same investment objective as a long straddle. The
difference is that the strangle requires a lower investment since the call or the put
is more out-of-the-money than with the straddle. With the lower investment cost,
however, comes a wider region over which the strategy will be unprofitable, as
Figure 12.8 shows. In other words, the commodity price must move by a greater
amount than with the straddle in order for the strangle to be profitable at expiration.
A variation on the long strangle is for the exercise price of the call to be below the
exercise price of the put. Since both the put and call can be in the money under
this strategy, the cost is greater and the profitability is greater.

18. Short strangle: Sell call and sell put, where the exercise price of the put.

X,, is less than the exercise price of the call, X, (i.e., X, < X.).

Spreading Options with Different Exercise Prices. Call or put options with
different exercise prices can be combined to create bull or bear spreads, ratio or
reverse ratio spreads, and long or short butterfly spreads.

19. Bull spread — Call: Buy call with a lower exercise price, X,, and sell an
otherwise identical call with a higher exercise price, X, (i.e.. X; < X,).

Xh — X[, — (Cg — Ch)erT if ST > Xh
mp = St — X = (a —en)e’ if X; < St <Xy (12.9a)
_(Cl - Ch.)(’fTT if Sr <X,

FIGURE 12.9a Trading Strategy: Bull Spread — Call

Profit
+ s

/ Bull spread

Long call at lower exercise price \

Terminal Commodity Price
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Breakeven point: S; = X, + (¢, — c)e”
Maximum loss: (¢, — ¢)e’, where S; = X,
Maximum gain: X, — X, — (¢, — ¢)¢", where S; > X,

The term bull is used to describe the fact that this strategy profits when the
underlying commodity price increases. The strategy is fairly conservative in the
sense that if the investor were confident of a commodity price increase, a naked
long call position would be more profitable. The benefit of buying the bull spread
is that selling the out-of-the-money call provides income that offsets the cost of
buying the other call. The cost is the loss of upside profit potential should the com-
modity price rise dramatically.

Prior to maturity, a bull spread takes advantage of the fact that the delta 1s
higher for the in-the-money call option than it is for the out-of-the-money call
option. As the commodity price increases, the gain on the long in-the-money call
outstrips the loss on the short out-of-the-money call. As the commodity price rises
further and both calls become deep in-the-money or as maturity is approached, the
gain and the loss on the two positions become completely offsetting.

20. Bear spread — Call: Sell call with a lower exercise price, X,, and buy an
otherwise identical call with a higher exercise price, X, (i.e., X, < X,).

X — Xn+ (¢ — Ch)(irT if St > X,

mr =4 X;— Sr+ (¢ — CIL)ETT if X;<Sr <Xy {(12.9b)
(Cl — C;L)ETT if S’r < X,t

FIGURE 12.9b Trading Strategy: Bear Spread — Call
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Breakeven point: S, = X; + (¢ — ce’
Maximum gain: (¢, — c)e’”, where S; = X,
Maximum loss: X, — X, — (¢, — ¢, where 5; > X,

21. Bull spread — Put: Buy put with a lower exercise price, X;, and sell an
otherwise identical put with a higher exercise price, X, (i.e., X; < X,).

(pn — pl)erT if St > Xy
mr =< St — Xn+ (pn —p)e’" if X;<Sr <Xy {12.10a)
X, — Xn+ (pr — e it Sr <X

FIGURE 12.10a Trading Strategy: Bull Spread — Put
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N Short put at higher exercise price
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Terminal Commodity Price

Breakeven point: Sy = X, — (p, — poe”
Maximum loss: X, - X, + (p, — p)e’, where §; < X,
Maximum gain: (p, — ple’, where 5; > X,

The bull spread using puts is equivalent to the bull spread using calls,
although the sources of the outcomes are different. For the put bull spread, the
profit, if the commodity price increases, comes from the premium on the put sold
at the higher exercise price. For the call bull spread, the profit, if the commodity
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price increases, comes from the fact that the gain on the long call at the lower
exercise price exceeds the loss on the short call at the higher exercise price.

22. Bear spread — Put: Sell put with a lower exercise price, X;, and buy an
otherwise identical put with a higher exercise price, X, (ie., X; < X,).

—(ph - pg)erT if ST > X}L
mr =< Xp— St — (ph — pg)eTT if X;<Spr< X, {12.10b}
Xy, — X1 — (pr—p)e™” if Sr <X

FIGURE 12.10b Trading Strategy: Bear Spread — Put
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Breakeven point: Sy = X, — (p, — pe”
Maximum gain: X, — X, + (p, — pe’’, where Sy < X,
Maximum loss: —(p, — ppe”’, where S; > X,

23. Ratio spread — Call: Buy call with a lower exercise price, X,, and sell n
otherwise identical calls with higher exercise price, X, (e, X; < X,).

nXp —X;—(n— 1St + (nep, — c;)e"T if Sr > X
T = St — X+ (nch — cl)erT if X;<8r< X
(nep, — c)er T if Sr<X;
(12.11a)
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FIGURE 12.11a Trading Strategy: Ratio Spread — Call
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. nX, — X, + (nc, — cpe’”
Breakeven points:  (a) Sy = — rn 1’ !
() S; = X, — (nc, — c)e’’, where nc, < ¢
Maximum loss: (a) unlimited, where S; rises without limit
(b) (nc, — c)e’, where nc, < ¢, and S5r < X,
Maximum gain: X, — X, + (nc, — c)e’’, where S; = X,

A call ratio spread is like a call bull spread except that several identical
options are sold at the higher exercise price.

The “ratio” of the ratio spread is defined in terms of the quantity of calls
sold, n, per call purchased, that is, an n:1 ratio spread. The ratio spread depicted
in Figure 12.11a is a 2:1 ratio spread, which involves selling two calls with a higher
exercise price against the purchase of one call with a lower exercise price.

The ratio spread is most profitable when the commodity price does not move
by much. Its maximum profit is when the commodity price equals the exercise price
of the shorted option. If the commodity price falls, the downside risk is fixed. If
the commodity price falls below the lower exercise price, both options expire
worthless. The initial investment can be either a net debit or net credit, depending
upon the relative magnitudes of the premiums and the ratio of the spread. Figure
12.11a indicates that the 2:1 ratio spread shown has an initial net credit. If the
commodity price rises without limit, the strategy loses money without limit.
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24. Backspread or reverse ratio spread — Call: Sell call with a lower exercise
price, X,, and buy n otherwise identical calls with a higher exercise price,
X, (e, X, < X,).

(TL* 1)ST——TLX},,+X¢— (nch —(:;)GTT if ST > Xh
=4 X;— St — (nch - CI)BTT if X; <8 <X,
—(nch - c,g)e’"T if ST S Xg
{(12.11b)

FIGURE 12.11b Trading Strategy: Reverse Ratio Spread — Call
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nX, — X, + (nc, — c)e”
Breakeven points:  (a) S, = — 'n ( 1 n G
(b) S; = X; — (nc, — c)e””, where nc, < ¢
Maximum gain: (a) unlimited, where S, rises without limit
(b) (nc, — c)e’’, where nc, < ¢, and S; < X,
Maximum loss: X, — X, + (nc, — ¢)¢”’, where S; = X,

25. Ratio spread — Put: Buy put with a higher exercise price, X, and sell n
otherwise identical puts with a lower exercise price, X, (i.e., X, < X,).
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(np; — pr)e™ " if Sr> X
ar = Xp— St +(npt — pr)e™ " if X, < Sy <Xy
Xn—nX; + (n—1S5r + (np1 — ph)e"T if Sr <X,
{12.12a)

FIGURE 12.12a Trading Strategy: Ratio Spread — Put
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i
Breakeven points: (@) S = nX, th (nlp LT e
(b) S; = X, — (np, — pJe’, where np, < p,
Maximum loss: (@) X, — nX, + (np; — pe’, where Sy falls
to zero
(b) (np, — pe’’, where np, < p, and S, = X,
Maximum gain: X, — X, + (np; — pe”, where Sy = X, B

26. Backspread or reverse ratio spread — Put: Sell put with a higher exercise

price, X,, and buy n otherwise identical puts with a lower exercise price,
X, (ie., X, < X,).
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(npL — Ph) e’
T = Xn — St + (npz - ph)eTT
X, —nXi+ - 1)St + (npr — pr)e "
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if Sr > Xn
i X, < ST = X
i Sr < Xy

(12.12a)

FIGURE 12.12a Trading Strategy: Ratio Spread — Put
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(@ Sr=

Breakeven points:

Maximum loss:
to zero

Maximum gain:

®) Sr = Xu — P17 pe’,
@ X, — nX+ (npr — pe’, where S falls

ye'", where 1P < |

) (p, — pwe’s where np < P and S, = X
X, — Xi + (np — pe’, where St

= X

26. Backspread or reverse ratio spread — Put: Sell put with a higher exeivs
price, X,, and buy 1 otherwise identical puts with a lower exercise pri

X, (i.e., X < Xu)-
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—(np; —ph)e’"T if S > X,
T = St — Xp — (npl —ph)e’"T if X, < 8Sr <X,

nX; — Xp—(n—1)Sp — (np; —pn)e’™ if Sr <X
(12.12b)

FIGURE 12.12b Trading Strategy: Reverse Ratio Spread — Put
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rT
Breakeven points: (@) 5, = nX, X"n (rllp, pe
(b) S; = X, — (np, — pe’, where np, < p,
Maximum gain: (@) X, — nX, + (np, — p)e’, where S, falls
to zero
(b) (np, — pe’, where np, < p, and 5; < X,
Maximum loss: X, — X, + (np, — pe’, where S; = X,

27. Long butterfly spread—Call: Sell call with a lower exercise price, X, buy
two calls with a middle exercise price, X,,, and sell call with a higher exer-
cise price, X,,.

X} —2Xpm + Xn+ (¢t —2¢m +cr)e™if Sp > Xa
St — (QXm - Xg) + (C; — 2¢m + Ch)erT if X,, <Sr <Xy
X, — St + (e —2¢cm + Ch)eTT if Xj<S5r<X,,
(i — 2¢m + cr)eT if Sr <X,

mr =

{(12.13)
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FIGURE 12.13 Trading Strategy: Long Butterfly Spread — Call

Profit
+ /
/
/
/
Short call at lowest exercise price /
N //
Short call at highest exercise price \ _/ Long butterfly spread
0 N\ N 7 N
N
/N AN
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_____________ — N ~
Long 2 calls at middie exercise price N N N N
AN N
AN AN
AN N
- N

Terminal Commodity Price

Breakeven points: (@) S; = 2X,, — X, — (¢, — 2¢, + o’

(b) ST = X; + (C‘l - 2Cm + C,,)erT
Maximum loss: X, - X, + (@ — 2c, + c)e’, where S, = X,
Maximum gain: (@ X, — 2X, + X, + (¢, — 2¢,, + c)e’,

where S; > X,
(b) (¢, — 2¢, + ce’, where S, < X,

A long butterfly spread combines a bear spread and a bull spread. Profits are

similar to those of a bull spread if the commodity price increases and to those of
a bear spread if the commodity price falls. The investor loses money when the
commodity price remains neutral. The resulting profit diagram (Figure 12.13)
resembles a butterfly — hence, its name.

28. Short butterfly spread — Call: Buy call with a lower exercise price, X,
sell two calls with a middle exercise price, X,,, and buy call with a higher
exercise price, X,.

29. Long butterfly spread — Put: Sell put with a lower exercise price, X,, buy
two puts with a middle exercise price, X,,, and sell put with a higher exer-
cise price, X,.

30. Short butterfly spread — Put: Buy put with a lower exercise price, X,, sell
two puts with a middle exercise price, X,,, and buy put with a higher exer-

cise price, X,.
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Calendar Spreads. A calendar spread requires the purchase of a call or put
of one maturity and the sale of an identical option with a different maturity. Pre-
senting a profit function for a calendar spread is cumbersome since a pricing equa-
tion is required to show the value of the distant option at the nearby option expi-
ration." For this reason, we go immediately to the profit diagram.

31. Long calendar spread — Call: Buy call with a distant maturity, and sell
identical call with a nearby maturity.

FIGURE 12.14 Trading Strategy: Long Calendar Spread — Call
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At-the-money call options are used to generate the calendar spread in Figure
12.14, and the outcomes are plotted at the maturity of the nearby call. This spread
is neutral since positive profits are earned as long as the commodity price does not
move very much by the nearby option expiration.” Because the longer-term option
has a higher price, this strategy has a net debit position (i.e., we pay the difference
between the option prices when the position is formed). The maximum loss, how-
ever, is limited to the net debit amount. The maximum gain occurs where the com-
modity price equals the exercise price of the nearby option, but the amount is

"The European call and put option valuation equations (11.25) and (11.28) are used to price the

distant option at the nearby option’s expiration.
2If out-of-the-money calls are used to form the calendar spread, the position is slightly bullish.
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unclear since it depends on the remaining life of the distant option and the com-
modity’s return volatility. The width of the profit range and the breakeven points
are also functions of volatility and time to expiration.

Holding other factors constant, the profitability of a calendar spread is driven
by the time decay of the option premiums. As we will show later in the chapter,
the rate of time decay (i.e., the option’s theta) is greater the shorter the option’s
time to expiration. In a long calendar spread, a short position is established in the
nearby option in order to capture its time decay at the expense of the time decay
in the distant option.

32. Short calendar spread — Call: Sell call with a distant maturity, and buy
identical call with a nearby maturity.

33. Long calendar spread — Put: Buy put with a distant maturity, and sell
identical put with a nearby maturity.

34. Short calendar spread — Put: Sell put with a distant maturity, and buy
identical put with a nearby maturity.

35. Long ratio calendar spread — Call: Buy call with a distant maturity. and
sell more than one identical calls with a nearby maturity.

FIGURE 12.15 Trading Strategy: Long Ratio Calendar Spread
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Terminal Commodity Price

By writing more than one of the nearby calls, the calendar spreader usually
receives an initial credit (i.e., he receives money when the position is formed). The
net credit increases the profit if the commodity price falls below the exercise price
prior to the expiration of the nearby option. Increases in the commodity price
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beyond the exercise price of the nearby option reduce the amount of the profit since,
when both options are deep in-the-money, the spreader is synthetically short the
commodity. Overall, the position is bearish. Figure 12.15 shows the profit diagram
of a 2:1 ratio calendar spread.

36. Short ratio calendar spread — Call: Sell call with a distant maturity, and
buy more than one identical calls with a nearby maturity.

37. Long ratio calendar spread — Put: Buy put with a distant maturity, and
sell more than one identical puts with a nearby maturity.

38. Short ratio calendar spread — Put: Sell put with a distant maturity, and
buy more than one identical puts with a nearby maturity.

Diagonal Spreads. In general, diagonal spreads are any spread positions
consisting of different exercise prices and different expirations. A long diagonal spread
requires that the distant option is purchased and the nearby option is shorted. If the
ratio of the spread is 1:1, a diagonal bull (bear) spread results, depending upon
whether the distant option has the lower (higher) exercise price. Long and short
diagonalized spreads using other ratios produce a wide array of bullish and bearish
positions. One possible diagonalized spread is described below.

39. Diagonal bull spread — Call: Buy call with a lower exercise price and

distant maturity, and sell identical call with a higher exercise price and
nearby maturity.

FIGURE 12.16 Trading Strategy: Long Diagonal Bull Spread
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As Figure 12.6 shows, a diagonal bull spread is very similar to the bull spread
described earlier in this section. The maximum loss is limited to the difference
between the distant and nearby option prices (i.e., the net debit amount). The max-
imum gain occurs when the commodity price equals the nearby option exercise
price at the nearby option’s expiration. Beyond that level, increases in the com-
modity price reduce the profit level to the difference between the exercise prices
and the net debit amount.

Writing/Speculative Strategies

In this section, we examine the effects of buying and selling options against a posi-
tion in the underlying commodity. In general, we discuss strategies that reduce the
risk of a long position in the commodity by writing calls or buying puts. But we
also consider the effects of buying calls and writing puts in order to increasc
leverage.

40. Covered call option writing: Sell call against a long position in the under-
lying commodity.

{ X —8eT 4™ if Sp>X
mr = e \
T Sr—SetT 4 ce if Sp<X (12.14)
FIGURE 12.17 Trading Strategy: Covered Call Writing
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Breakeven point: S, = S — ce”’
Maximum loss: Se®” — ce’”, where S, falls to zero
Maximum gain: X — ST + ce”, where 5, > X

Figure 12.17 shows that the covered call writer receives the option premium
in exchange for the upside potential of the long commodity position. The position
is equivalent to selling a naked put. Such a strategy makes sense only if an investor
believes that the commodity price will not move much during the option’s life. She
does not benefit if the commodity price rises, and the option premium is little con-
solation if the commodity price falls dramatically.

Large stock funds often engage in a special form of covered call writing
called option overwriting. In the usual case, the fund has separate stock and option
portfolio managers. The stock portfolio manager handles the investment in stocks
and advises the option overwriter on the current composition of the stock portfolio.
The option overwriter then writes calls against the stocks. In the event that a call
is exercised against the option overwriter, the overwriter must buy the stock for
delivery on the option because she has no authority to deliver an existing stock
position. The fund owner, however, should expect that some of her stocks will have
to be liquidated, since writing call options against stocks is a risk-reducing strategy.

41. Combination covered call option writing: Sell in-the-money calls on half
the commodity position, and sell out-of-the-money calls against the other
half.

FIGURE 12.18 Trading Strategy: Combination Covered Call
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This strategy is, generally, the same as the covered call strategy. Figure 12.18
shows that the profit structure is just slightly different. Over the commodity price
range between the exercise prices, the option writer shares in half of any gains made
in the share price. However, like the previous covered call strategy, the upside
potential of the long commodity position is completely negated once the commod-
ity price exceeds a certain level, in this case the exercise price of the out-of-the-

money option.

42. Ratio call writing: Sell more than one call against a long position in the
underlying commodity.

nX —(n—1)Sr +nce™™ if Sp>X
— (12.15)

Sr — SetT + nee™T if Sr<X

FIGURE 12.19 Trading Strategy: Ratio Call Writing
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Breakeven point: S = Se”" — nce’”
Maximum loss: unlimited, where S; rises without limit
Maximum gain:  nce’”, where S; = X at expiration

Like ratio spreads, ratio writes are expressed in terms of the number of
options sold, n, per unit of the underlying commodity. A 2:1 ratio write, therefore,
refers to writing two call options against one unit of the commodity. In a 2:1 ratio
write, half of the calls are covered while the other half are not. A 2:1 ratio write,
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such as that shown in Figure 12.19 creates a payoff diagram that looks exactly as
if we have written a straddle. The maximum gain occurs when the commaodity price
equals the exercise price at the option expiration. Large commodity price swings
in either direction, however, produce losses.

Ratio writing is usually pursued to earn premium income by those who expect
that the commodity price will not move during the option life. The calls are written
at the exercise price closest to the current commodity price. Profits are earned if
the commodity price remains relatively unchanged. However, losses can be signif-
icant if the underlying commodity price changes significantly.

43. Variable ratio writing: Sell in-the-money calls and out-of-the-money calls
against a long position in the commodity, such that the long position in
the commodity is less than sufficient to cover delivery should the options
be exercised.

FIGURE 12.20 Trading Strategy: Variable Ratio Writing
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A 2:1 variable ratio writing strategy is shown in Figure 12.20. As the illus-
tration shows, variable ratio writing can produce a profit diagram that looks exactly
like a short strangle position. Maximum profit is realized when the commodity price
falls between the two exercise prices at the options’ expiration. Large commodity
price moves in either direction will produce losses.

44. Protected short sale: Buy call option against a short position in the under-
lying commodity.
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FIGURE 12.21 Trading Strategy: Protected Short Sale
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Occasionally, an investor is short the commodity and wants to insure himself
against possible large-increases in the underlying commodity price. Buying a call
option provides such insurance. As Figure 12.21 shows, buying a call option against
a short position in thé- commodity produces a portfolio profit structure that looks
exactly like a long put position. The position is also the opposite of the covered
call. The maximum gain equals Se”” — ce”’, where the commodity price falls to
zero. The maximum loss is Se”” — X — ce”’, which should be approximately equal
to the value of a put with an exercise price of X and a time to expiration of 7.

45. Reverse hedge or simulated straddle: Buy more than one call option
against a short position in the underlying commodity.

FIGURE 12.22 Trading Strategy: Reverse Hedge
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Buying two call options against a short position in the underlying commodity
creates a profit diagram that looks exactly like a long straddle. For this reason, this
strategy is sometimes referred to as a simulated straddle. The position is also the
opposite of the ratio call writing position described earlier. The maximum loss is
sustained when the commodity price equals the exercise price of the options at their
expiration. The gain on the upside is unlimited, should the commodity price rise
without limit. Downside commodity price movements are also beneficial, since the
options expire worthless and the investor has a short commodity position.

46. Protected commodity position: Buy a put option against a long commodity

position.

Sy — SetT —perT i Sp> X
7r:r={ T P T (12.16)

X — SebT —per?  if Sr< X

FIGURE 12.23 Trading Strategy: Protected Commodity Position
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Breakeven point: S, = Se” + pe”
Maximum loss: X — Se'™ — pe”, where S; < X
Maximum gain: . unlimited, where S, rises without limit
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Buying protective puts is a favored form of commodity insurance. As Figure
12.23 indicates, an investor with a long commodity position is well protected in
the event that the commodity price falls dramatically. The cost of such insurance
is the put option premium. The resulting position is the same as buying a call.

47. Protected covered call write: Buy a put against a covered call write.

FIGURE 12.24 Trading Strategy: Protected Covered Call Write
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A covered call write means that the investor holds a long commaodity/short
call position. In the event that some time has elapsed since the covered call write
was formed and the commodity price has not moved, the investor may want to lock
in her profit from the time decay of the call by buying a put. When she does, she
has, in effect, created a conversion arbitrage. Independent of which direction the
commodity price moves subsequently, the portfolio profit is unchanged. Figure
12.24 demonstrates this clearly.

48. Covered straddle write: Buy commodity, sell call, and sell put.
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X — SebT T it Spr>X
WT:{ e’ + (c+p)e i > (12.17)

287 — SetT — X + (c+pe’™ if Sp <X

FIGURE 12.25 Trading Strategy: Covered Straddle Write
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Se'" + X — (c + pe”

2
Maximum loss: —Se" — X + (c + p)e’, where S; falls to zero.
Maximum gain: X — Se'" + (¢ + p)e’’, where 5, > X

Breakeven point: S =

In this case, the investor has written both a call and a put against a position

in the underlying commodity. He has collected two option premiums, which equal
the amount of the portfolio profit if the commodity price is above the option’s
exercise price at the option expiration. Should the commodity price fall, however,
the portfolio profit drops by twice the amount, since the investor not only loses on
the long commodity position, but also on the short put position.

49. Buy call against commodity: Buy call against a long position in the

commodity.
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FIGURE 12.26a Trading Strategy: Long Commodity/Long Call Position

Profit
+

Terminal Commodity Price

50. Sell put against commodity: Sell put against a long position in the
commodity.

FIGURE 12.26b Trading Strategy: Long Commodity/Short Put Position

Profit
+

Terminal Commodity Price
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Buying a call against a long commodity position and selling a put against a
Jong commodity position serve to leverage the rate at which portfolio profits are
earned. The long commodity/long call position in Figure 12.26a, for example,
shows that below a certain level of commodity price, the portfolio profit is less
than the long commodity position, since the call option had to be purchased. Above
a certain level of commodity price, however, portfolio profit increases at twice the
rate that the commodity price does by itself. Hence, we have increased the leverage
of the strategy.

Writing a put against a long position in the commodity has a similar effect.
The proceeds from the sale of the option enhance portfolio profit on the upside.
On the downside, if the commodity price drops, the investor loses both on the long
commodity position and the short put position.

12.2 COMPUTING BREAKEVEN PROBABILITIES AND EXPECTED PROFITS

Two useful concepts for analyzing the commodity/option strategies just discussed
are the probability that the portfolio will be profitable at the options’ expiration and
the expected profit from the trading strategy. Both of these concepts rely on the
option pricing mechanics presented in Chapter 11. Since the expected profit concept
itself relies on probability computations, the probability computations are reviewed
first.”

Breakeven Probabilities

To compute the probability that a particular strategy will be profitable at expiration,
we need to first establish the full set of breakeven points associated with the strat-
egy. For example, for the long straddle position, Trading Strategy 15, two break-
even points exist. One breakeven point is where the terminal commodity price, Sy,
equals the value BE, = X — (¢ + p)e’, and the other is where S, equals the value
BE, = X + (¢ + p)e’”. Figure 12.7 shows that a long straddle has positive profit,
where S, < BE, or where S; > BE,. If we assume that the commodity price is log-
normally distributed, as we did in Chapter 11, the risk-neutral probability that the
straddle will be profitable at expiration, Prob(S; < BE, or S, > BE,), can be found
by using the cumulative standard normal distribution function, that is,

Prob(Sr < BEg or St > BEy) = N(—dg) + N{dy),

In(S/BE,) + (b — 50T . In(S/BE,) + (b — .50")T

where d, = nd d, . Recall that
o’\/—f" ' cr\ﬁ‘

a minus sign on the argument d implies that the probability computation is for the
region below a critical terminal commodity price, while a positive value implies
that the probability is for the region above a critical terminal price. Recall also that

3In this section, we assume that we are in a risk-neutral world in which possible future commodity
prices are brought forward at the riskless rate.



284 Part Three Options

the expression for d transforms the lognormally distributed commodity price to a
unit normal distribution.

EXAMPLE 12.1

Assume that the current commodity price is $50 and that the prices of at-the-money,
three-month options are $3.35 for the call and $2.90 for the put. Compute the prob-
ability that a long straddle position using these options will be profitable at the end
of three months. Assume that the cost-of-carry rate for the underlying commodity
is 4 percent, the volatility rate of the underlying commodity is 32 percent, and the
riskless rate of interest is 6 percent.

The first step is to compute the breakeven points:

BE, = 50 — (3.35 + 2.90)e%%(:2%) = 43.656

and
BE, = 50 + (3.35 + 2.90)e%(2%) = 56.344.

The second step is to transform the commodity price breakeven points to the
breakeven points in terms of the unit normal distribution, that is,

_ In(50/43.656) + .04 — .5(.32)*](.25)

= .8305
32v.25

da

and

_ In(50/56.344) + [.04 — .5(.32)?](.25)
- 32v/.25 = el

Finally, the probability that the straddle will be profitable at the end of three
months is

dp

Prob(St < BE, or St > BE}) = N(—.8305) + N(—.7641) = .4255

or 42.55 percent.

Expected Terminal Profit

The expected terminal profit from a commodity/option portfolio position is our best
guess of what the portfolio profit will be at expiration. It can be computed by mul-
tiplying portfolio profit at each conceivable terminal commodity price by the prob-
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ability of that commodity price occurring and then summing across all of these
products. Conceptually, while the above procedure is straightforward, two impor-
tant practical suggestions will make the procedure easier to implement.

First, given the assumption of lognormally distributed commodity prices, the
range of future commodity prices is infinite. Computationally, however, we cannot
use an infinite number of option profit positions. A practical alternative is to define
the range of possible future commodity prices as =4 standard deviations from the
expected commodity price, Se*”. which, according to Appendix 11.3, should
account for 99.994 percent of the commodity price distribution. The range of future
commodity prices implied by *4 standard deviations around the expected price is
defined by

. In(S/Smin) + (b — .50*)T
oVT

and

4 In(S/Smax) + (b — .503)T
= s ,

Rearranging, the expressions for the minimum and maximum of the commodity
price range are

Smin — Se(b—-.f)()'?)y'—l}a\/T (12.183)

and.

Smax — Se(b-—.5gz)T+4aﬁ‘ (12.18b)

A second consideration has to do with the computation of profit for a given
probability. Even with a prespecified range of terminal commodity prices, S, there
are an infinite number of commodity prices and, hence, an infinite number of port-
folio profits and probabilities to evaluate. The computation is practical if we
approximate the continuous distribution of terminal commodity prices with a dis-
crete distribution. To do so, we partition the terminal commodity price distribution
into n equal increments of Si., where

S ax Smi
Sine = —3‘—;—_—1—%—". (12.19)

We then begin at the lowest commodity price and assume that, over the first interval
Soin — 38 10 Spyin 58.,.., the commodity price is S, More generally, the com-
modity price is assumed to be S, over the i-th interval, which has range S;; £ .55,
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where

Si,7 = Smin + (i — 1)(Sinc)- (12.20)
The probability that the terminal commodity price will fall in this range is

PI‘Ob(S?;,T — .5Sine < S'T < Sir+ .551,.(3) = N(d,ﬂ,,i) — N(duﬂj), (12.21)

where
B In[S/(S; — .58,0)] + (b — .50’)1"8l d _ In[S/(S; + .58 + (b — ST

d i i
: o\T ne o\T

The expected terminal commodity price may, therefore, be computed as

E(Sr) = Y _[N(dis) — N(dua)lSir- (12.22)

=1

EXAMPLE 12.2

Compute the expected commodity price in three months, assuming the current com-
modity price is $50, the cost-of-carry rate is 4 percent, and the volatility rate is 32

percent.
The first step is to compute the minimum and maximum of the commodity

price range using (12.18):

o

Soax = 508[.04—.5(.32)21.25+4(.32)\/.20 — 04.5580.

The next step is to divide the range of commodity prices into equal-spaced
intervals. Choosing n = 11, the size of each interval is

94.5589 — 26.2909 »
Sinc - 11 -1 — = 6.8268.

The midpoint of each interval is assumed to be
S; r = 26.2909 + 6.8268(¢ — 1},

the values of which are reported in the second column of Table 12.1.
The endpoints of each interval are then defined as

Sl,i = Sz - 'SSinc
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TABLE 12.1 Estimation of expected terminal commodity price, using an
equally spaced, discrete commodity price distribution approach: S = 50, b =
.04, T = .25, and o = .32.

(1) Lower Upper
Commodity Integral Integral (2) (1)
Interval Price Limit Limit Times
No. Si,Ta dl,,; du,i N(d{,i) — N(du‘i)b (2)
1 26.2909 4.8692 3.2371 0.0006 0.0159
2 33.1177 3.2371 1.9441 0.0253 0.8391
3 39.9445 1.9441 0.8733 0.1653 6.6028
4 46.7713 0.8733 -0.0405 0.3249 15.1975
5 53.5981 -0.0406 —-0.8377 0.2827 15.1536
6 60.4249 ~0.8377 —-1.5446 0.1399 8.4521
7 67.2517 -1.5446 -2.1796 0.0466 3.1326
8 74.0785 -2.1796  --2.7559 0.0117 0.8681
9 80.9053 -2.7559  -3.2836 0.0024 0.1953
10 87.7321 -3.2836 -3.7702 0.0004 0.0378
11 94.5589 -3.7702 -4.2216 0.0001 0.0066

E(S7) = 50.5013

a. S; r is the terminal commodity price at the midpoint of the i-th interval.
b. N(d;;) — N(d,,) is the probability that the terminal commodity price will
fall in the i-th interval.

and
Su,i = S? + -5Sinca

fori = 1,--,n. Based on the interval endpoint values, the unit normal integral limits
are computed and reported as the third and fourth columns of Table 12.1. Based
on these limits, the probability that the terminal commodity price will fall in the
i-th interval is computed using (12.21) and is reported in the fifth column.

The last column contains the product of the terminal commodity price and
its respective probability. Summing across the values reported in the last column,
we find that the expected terminal commodity price is

11
E(Sr) = D _[N(di;) — N(dus))Si,r = $50.5013.

i=1

Note that this value corresponds closely to the true expected terminal commodity
price, which we know from Chapter 11 to be
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S = $50e 71025 = $50.5025.

The slight discrepancy is due to the fact that this numerical method for computing
the expected terminal commodity price is only an approximation, albeit a fairly
accurate one in this illustration. Greater accuracy can be obtained by setting n to
a higher value or by expanding the possible range of terminal commodity prices
considered.

Extending this approach to compute expected terminal profit of an option
portfolio is straightforward: simply replace the terminal commodity price S,, in
(12.22) with the option portfolio profit, given a commodity price of S, ;, that is,

E(ﬁ'T) = Z[N(dg,,:) — N(du'r,{)}'ﬁ(S@’j‘). (12.23)

i=1

The profit functions 7 (-) for a wide array of strategies were presented in the last
section.

EXAMPLE 12.3

Compute the expected terminal profit of an at-the-money call option, assuming the
current commodity price is $50, the cost-of-carry rate is 4 percent, and the volatility
rate is 32 percent. The riskless rate is assumed to be 6 percent, and the current call
price is $3.410.

All steps in this example are the same as those in Example 12.2, except that
in place of multiplying the probability by the terminal commodity price in the inter-
val, we multiply the probability by the call option profit conditional on the terminal
commodity price, as shown in Table 12.2. The profit is the difference between the
exercise value of the call and the initial price of the call adjusted for interest. Note
that the expected terminal profit of the call option portfolio is approximately
$0.1937, which appears to indicate mispricing.

The theoretical value of this call using valuation (11.25) is $3.410, the same
as the initial value of the call, which means that there is no mispricing. The positive
profit arises from the approximation implicit in Table 12.2 and the fact that the call
option profit is a nonlinear function of the terminal commodity price. To rectify
this problem, we should be careful to set n to a large value. With a larger number
of steps, the discrepancy will be reduced. For example, where n = 500, the
expected terminal profit is 0.0010—an approximation error of about one-tenth of
one cent.

12.3 REPLICATING LONG-TERM OPTIONS

Portfolio managers occasionally want to buy or sell long-term options, but no such
options are listed or the markets for the options are very inactive. In these cases,
it is possible to replicate a long-term option with a portfolio that consists of short-
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TABLE 12.2 Estimation of expected terminal profit of a long call position,
whose current price is ¢ = 3.410. The pricing parameters are: S = 50, X = 50,

bh=.04, r = .06, T = .25, and o = .32.

Commodity (1) (2) (1)
Interval Price Profit Times
No. Si,Ta N(dm’) - N(du'i)b ‘IT?;;I*C (2)
1 26.2909 0.0006 -3.4615  —0.0021
2 33.1177 0.0253 -3.4615  -0.0877
3 39.9445 0.1653 -3.4615  -0.5722
4 46.7713 0.3249 -3.4615  —1.1248
5 53.5981 0.2827 0.1366 0.0386
6 60.4249 0.1399 6.9634 0.9740
7 67.2517 0.0466 13.7902 0.6424
8 74.0785 0.0117 20.6170 0.2416
9 80.9053 0.0024 27.4438 0.0662
10 87.7321 0.0004 34.2706 0.0148
11 94.5589 0.0001 41.0974 0.0028
E(fr) = 0.1937

a. S;.r is the terminal commodity price at the midpoint of the i-th interval.
b. N(d;;) — N(d,) is the probability t" at the terminal commodity price will
fall in the i-th interval.

c. mir =max(0,S; 7 — X) — ce™.

term options and a short-term riskless asset, such as T-bills.* The tools necessary
to carry out this replication are the expected profit mechanics of the last section,
together with multiple linear regression.

The approach is simple. First, as in the last section, find a range of plausible
commodity prices at the end of the short-term options’ life, r. Using expressions
(12.18a) and (12.18b), identify a range that encompasses 99.994 percent of the
probability distribution at ¢. Second, partition the range into n equal increments
using (12.19), and identify the commodity prices, S;,, at the midpoint of each inter-
val, using (12.20). Third, find the probability of the terminal commodity price fall-
ing within the i-th interval, using (12.21). So far, everything is as it was in the
previous section.

On the basis of the commodity prices created in the second step of the last
paragraph, S,, i = 1,-,n, compute the values of the long-term option value,
V,(S,), as well as the terminal values of all m short-term options, Vg (S,,), that
are assumed to be available, j = 1,--,m. Use the values of the long-term option as

‘Dynamic rebalancing of a portfolio that consists of the commodity and T-bills is another way of
replicating a long-term option. We discuss this possibility in Chapter 14 under the heading “Dynamic
Portfolio Insurance.”
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the dependent variable and the values of the short-term option as the independent
variables, and perform a regression that minimizes the sum of squared errors,

T

Mian,;[VLT(Si‘t) — by — Z b;Var,; (Si)]. (12.24)

i=1 =1

The estimated regression coefficients, [3,, j = 1,--,m, are the amounts of the invest-
ments in the short-term options. The estimated intercept term, b, is the amount
invested in the riskless asset. A check of how well the technique has performed
can be made by comparing the current short-term option portfolio value to the the-
oretical value of the long-term option.’

EXAMPLE 12.4

Assume an investor owns a commodity portfolio and wants to buy a European put
option with an exercise price of 100 and a maturity of one year. The current com-
modity price is 100, the cost-of-carry rate is 4 percent, and the volatility is 32 per-
cent. The riskless rate of interest is 6 percent. The theoretical price of this option
is $10.3887 on the basis of the European option valuation equation (11.28). How-
ever, no such long-term option exists.

Instead, the investor is considering buying a portfolio of three-month put
options that can be used to replicate the performance of the one year option over
the next three months. In three months, a new short-term position can be established
to replicate the then nine-month option.” Seven three-month options are available:

Exercise Option

Price Price
85 1.0438
90 2.0681
95 3.6432

100 5.8302
105 8.6265
110 11.9752
115 15.7855

Setting the number of increments, n, to 300, the replication procedure described
above is applied. First the values of the long-term option in three months for the
possible values of the underlying commodity in three months are calculated. These

5Choie and Novomestky (1989) point out that if the terminal value of the short-term option portfolio
corresponds to the long-term option value for all levels of commodity price at time ¢, then, in the absence
of costless arbitrage opportunities in the marketplace, the current value of the short-term option portfolio
should equal the current value of the long-term option.

®In practice, using short-term options with more than one expiration date (e.g., three-month and
six-month options) and/or rolling out of the short-term option positions prior to their expiration may
provide a more effective replication of the long-term option position.
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values are regressed against the possible values of the short-term options at matu-

rity. Using the estimated regression coefficients, the portfolio composition is

Exercise
Price

85
90
95
100
105
110
115

T-bill

Total

(1)
Option
Price

1.0438
2.0681
3.6432
5.8302
8.6265
11.9752
15.7855
9851

(2) (1)
Estimated Times
Coefficient (2)

2286 .2386
.0018 .0036
.1004 .3657
0362 2109
1730 1.4924
—-.4009 ~-4.8009
6136 9.6860
3.2406 3.1923
10.3887

With the exception of shorting the 110 put, all other puts are purchased. The sum
of the portfolio weights times the security prices, 10.3887 equals exactly the long-
term put option price. (The price of the T-bill is assumed to be e~ **> = .9851.)
A comparison of the actual long-term put option with the simulated put option
value is provided in Figure 12.27. Note how closely the values match until the
commodity price becomes very high.

FIGURE 12.27 Simulated versus Long-Term Option Price
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This procedure may be refined to account for non-negativity constraints, mar-
ket liquidity, and observed option mispricings of short-term options. Changes in
volatility through the life of the long-term option are also possible.” Our approach
assumes that purchases and sales of short-term options are freely allowed in what-
ever quantity is demanded. We also assume that option prices conform with the
European option valuation equations (11.25) and (11.28) and that the volatility rate
is constant over the life of the long-term option.

Portfolio managers interested in long-dated options can either create them as
indicated above or, as is more often the case, buy them from investment bankers
in an over-the-counter transaction. The investment banker sells the option for her
own account and hedges her position by taking an offsetting position in the rep-
licating short-term option portfolio.

12.4 DYNAMIC PORTFOLIO RISK MANAGEMENT

Up to this point in the chapter, option positions have been held to maturity. In this
section, we address the issue of dynamic risk management, that is, portfolio risk
management that attempts to account for short-term price movements in the under-
lying commodity, short-term shifts in volatility, and the natural erosion of option
premium as the time to option expiration is decreased. In this context, we rely par-
ticularly on the partial derivatives of the European option pricing formulas that we
derived in Chapter 11. We will show that option deltas, gammas, etas, thetas, and
vegas are invaluable aids in managing expected return and risk of a portfolio of
options and the underlying commodity.

Expected Return and Risk

To begin, it is useful to have a clear understanding of the expected return/risk char-
acteristics of option positions. In Chapter 11, we showed that the beta of an option
equals the elasticity of the option price with respect to the commodity price times
the beta of the underlying commodity, that is, 8. = 7.8s and 8, = 1,8 We also
showed that the volatility of an option equals the absolute value of the elasticity
of the option price with respect to the commodity price times the volatility of the
underlying commodity, that is, o, = In|os and o, = |1,/05. Recall that the elas-
ticity depends on the commodity and option prices and on the other variables in
the option pricing formula, such as volatility, time to expiration, and so on. As a
result, the risk and return characteristics of option/commodity positions change
through time as these variables change. If the risk of a position is to remain
unchanged through time, the position must be appropriately rebalanced.

"See, for example, Jamshidian, and Zhu (1990).
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We now examine the risk/return characteristics of a portfolio of options and
the underlying commodity with the help of a simple numerical illustration. We
assume that the commodity price is 50, the expected rate of return on the com-
modity is 16 percent, the commodity beta is 1.20, and the volatility of the com-
modity return is 40 percent. We assume a cost-of-carry rate of 4 percent and a
riskless rate of 6 percent. Three-month European call and put options with exercise
prices of 45, 50, and 55 are available, and all of these options have prices equal
to their theoretical values, as determined by the pricing equations in the last chapter.

Focusing on the beta risk measure first, we can find the expected return/risk
attributes of the options by first finding their respective betas, and then finding their
equilibrium expected returns based on their betas. For example, the beta for the in-
the-money call, which has an elasticity of n, = 5.289, may be computed as

ﬁc = ncﬁﬁ'
— 5.280(1.20) = 6.35.

Assuming the capital market is in equilibrium, the expected return on the com-
modity is

E(Rg) =r+ [E(Rym) —7|Bs.

Substituting for E(R;) the expected return of the commodity and for r, the riskless
rate of interest, we find the term [E(R,) — r]Bs equals .10. To find the expected
return for the in-the-money call, we again use the security market line from the
capital asset pricing model:

E(R.) =71+ [E(Rpm) — 7]
=7 + [E(Rum) — r|Bsne
= .06 + .107.
= 06 + .10(5.289) = 58.89%.

Using a similar procedure for the remaining options, we find the following expected
returns and betas:
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Expected

Option Price  Delta  Elasticity Return  Beta
45 call 7.061 747 5.289 58.89 6.35
50 call 4.196 557 6.636 72.36 7.96
55 call 2.294 370 8.069 86.69 9.68
45 put 1.640 -.248 ~7.559 -69.59 -9.07
50 put 3.701 -.438 -5.920 -53.20 ~7.10
55 put 6.724 ~.625 —4.645 -40.45 ~5.57
Commodity 1 1 16.00 1.20
Riskless Asset 0 0 6.00 0.00

Figure 12.28a illustrates these results.

FIGURE 12.28a Relation Between Expected Return and Beta
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The expected return/beta relation depicted in Figure 12.28a is startling. The
expected returns and betas of options are drastically different from the expected
return and beta of the underlying commodity. Long call option positions, for exam-
ple, have very high expected returns and betas—in fact, several times higher than
the underlying commodity. The illustration also shows that the expected return and
beta of the long call increase as the call goes deeper and deeper out-of-the-money.
On the other hand, we see that put options generally have negative expected returns
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and negative betas, and the deeper the put is out-of-the-money, the lower (more
negative) its expected return and its beta are.

Portfolio managers are also interested in knowing the level of return volatility.
As noted above, option return volatility is simply the elasticity of the option price
with respect to commodity price times the volatility of the underlying commodity
return. In the illustration, the volatility of the commodity return is 40 percent. The
option volatilities are, therefore,

Return
Option Elasticity  Volatility
45 call 5.289 211.56
50 call 6.636 265.44
55 call 8.069 322.76
45 put ~7.559 302.36
50 put -5.920 236.80
55 put —4.645 185.80
Commodity 1 40.00
Riskless Asset 0 0

Figure 12.28b illustrates these results.

FIGURE 12.28b Relation Between Expected Return and Volatility
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The extreme riskiness of options is further confirmed by these values. Where
the return volatility of the underlying commodity is 40 percent, the option return
volatilities exceed, in some cases, several hundred percent.

Combining options with a position in the underlying commodity, however,
can be risk-reducing. For example, a covered call strategy (i.e., writing a call
against the underlying commodity) or a protective put strategy (i.e., buying a put
against the underlying commodity) reduces the risk of the overall position. The
expected return, beta, and return volatility of a portfolio that consists of an option
and the underlying commodity may be computed using the following equations:

E(Rp) = XsE(Rs) + (1 — Xs)E(R,), (12.25)
Bp = XsBs + (1 — Xs)Bo, (12.26)

and
op = \/Xgag + (1 — Xg)?202 +2d,Xs(1 — XS)US&;, (12.27)

where the subscript o indicates option and the indicator variable d,is + 1 for calls
and — 1 for puts (i.e., call [put] option returns are perfectly positively [negatively]
correlated with commodity returns). The weight X; is the proportion of the § dollars
invested directly in the commodity, that is,

. S — 1,0,

Xs = =" (12.28)

where n, is the number of options purchased (i.e., a positive value of n, indicates
the options are purchased, and a negative value indicates that the options are sold)
and O, is the market value of each option. Note that where n, equals zero, all port-
folio wealth is invested in the commodity. The value 1 — Xj is the proportion of
the original investment in options.

To reinforce these mechanics, reconsider the above illustration and assume
that a covered call write is created by selling the in-the-money call against a long
position in the commodity. The proceeds from selling the call are invested in the
commodity so the total investment in the commodity is
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50 — (—1)(7.061) = 57.061.

The proportion of the original investment in the underlying commodity is therefore
X, = 57.061/50 = 1.141. The proportion of portfolio value invested in the call is
1 — X, = —.141.

With the weights known, we can compute the expected return, beta, and vol-
atility of the covered call position using expressions (12.25), (12.26), and (12.27):

E(Rp) = 1.141(16.00) — .141(58.89) = 9.94%;

Bp = 1.141(1.20) — .141(6.35) = .47,

and

op = /1.1412(.402) + (—.141)2(2.11562) + 2(1.141)(—.141)(.40)(2.1156)
= 15.81%.

In other words, writing the in-the-money call against the underlying commodity
reduces the expected return and the risk of the underlying portfolio. In fact, all one-
to-one covered call writes and all one-to-one protective put buys will share
these attributes. For the illustration at hand, the characteristics of the commodity
and the six different commodity/option portfolios are

Commodity Expected Return
Option Investment Xg Return  Beta  Volatility
no option 50.000 1.000 16.00 1.20 40.00
45 call write 57.061 1.141 9.94 A7 15.81
50 call write 54.196 1.084 11.27 .63 21.06
55 call write 52.294 1.046 12.75 .81 26.99
45 put buy 48.360 967 13.18 .86 28.69
50 put buy 46.299 .926 10.88 .59 19.52
55 put buy 43.276 .866 8.44 .29 9.74

The above results are plotted in Figures 12.29a and 12.29b.
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FIGURE 12.29a Relation Between Expected Return and Beta

Expected Return

20
Commodity
15|
Out-of-the-money covered call
Out-of-the-money
At-the-money covered call protective put
10+ In-the-money At-the-money protective put

covered call .
in-the-money protective put

5 Riskless asset

0 0.2 0.4 0.6 0.8 1 1.2
Beta

FIGURE 12.29b Relation Between Expected Return and Volatility
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These figures show clearly that covered call writes and protective put buys serve
to reduce portfolio expected return and risk.® For the covered calls, the return/risk
reduction becomes larger the deeper in-the-money the call option is. This is simply
because the option writer is willing to accept more cash (i.e., option premium) in
exchange for the upside potential of commodity price movements. This activity is
completely analogous to withdrawing investment from the commodity and invest-
ing in the riskless asset. In fact, given that the 45 call option has a delta of .747,
the 45 covered call portfolio has a net delta value of 1.141 — 747 = .394. If we
create a portfolio that consists of .394 in the commodity and .606 in the riskless
asset, the expected return, beta, and volatility of return are

E(Rp) = .394(16.00) + .606(6.00) = 9.94%,

Bp = .394(1.20) + .606(0.00) = .47,
and
op = /.3942(.40?) = 15.76%,

the same return/risk attributes as the 45 covered call write.

That is not to say that writing call options against the underlying commodity
is always risk-reducing. If too many calls are sold, portfolio risk may increase.
Consider a 4:1 ratio call write. The total investment in the commodity is

50 + 4(7.061) = 78.244.

The proportion of the original investment in the underlying commodity is, there-
fore, X; = 78.244/50 = 1.565. The proportion of portfolio value invested in the
callis 1 — X, = —.565. The expected return on this portfolio is

E(Rp) = 1.565(16.00) — .565(58.90) = —8.24%,

and the volatility is

op = \/1.5652(.402) + .5652(2.11562) — 2(1.565)(.565)(.40)(2.1156) = 56.93%.

#Recall that the expected return and beta of the option positions hold for the next instance over
which the underlying variables don’t change much.
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Where the volatility of a portfolio that consists exclusively of the commodity is 40
percent, the volatility of a 4:1 ratio write is 56.93 percent. In this situation, we are
overhedged.

Figure 12.30 helps clarify this point.

FIGURE 12.30 Relation Between Expected Return and Volatility
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In the figure, we see the commodity plotted with an expected return of 16 percent
and a volatility of 40 percent. The point labelled “1:1 call write”” shows that the
expected return and the volatility of the portfolio is reduced when a single 45 call
is written against the commodity. As more calls are written, the expected return and
volatility continue to decrease, until, finally, where 1.65 calls are written against
the commodity, the portfolio is riskless.” Beyond this number, if more calls are
written, expected return continues to decrease, but volatility increases. Eventually,
the expected portfolio return becomes negative, and, if the number of calls written
continues to grow, volatility begins to exceed 40 percent. The 4:1 call write port-
folio, for example, has greater volatility than the commodity held in isolation. The

critical number of calls written against the commodity to generate a 40 percent

9Earlier we illustrated that a covered call position is analogous to a portfolio that consists of somew-
ealth in the commodity and some wealth in the riskless asset. The wealth invested in the commod-
ity is (§ + nc — nSA,). If we set this value equal to zero (i.e., all wealth is invested in the riskless
asset) and solve for n,, we get n. = 1/(A, — ¢/S). Substituting the example values, n, = 1/.747 —
7.061/50) = 1.65.
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volatility is 3.30, exactly double the number of calls that generated the riskless
hedge."’

Managing Unexpected Changes in the Commodity Price

The risk of an option portfolio is subject to change as the price of the underlying
commodity changes. Consequently, a portfolio manager needs not only to identify
the current risk of the portfolio, as shown in the preceding section, but also to
manage the portfolio to minimize the effects of unexpected changes in the com-
modity price. As a practical matter, knowledge of option deltas and gammas pro-
vide the tools necessary to immunize portfolios against adverse price movements
in the underlying commodity.

In Chapter 11, we developed expressions for the partial derivatives of indi-
vidual European options based on the valuation equations (11.25) and (11.28). The
delta, for example, is the partial derivative of the option price with respect to a
change in the underlying commodity price. The question that arises in option port-
folio management is how the option portfolio value changes as a result of a change
in the commodity price.

To understand the answer to this question, we first develop a simple, intuitive
answer to the question that applies to all of the partial derivatives of the option
price. First, write the expression for the value of the portfolio. Assume the portfolio
consists of N different option positions, an underlying commodity position, and an
investment in the riskless asset. Each option position has n, contracts at current price
O,. Summing across positions and adding n; units of the commodity at price S and
the riskless asset, B, the value of the portfolio is

N
V= Z n;0; + ngS + B. (12.29)

=1

The partial derivative of the portfolio value with respect to a change in one of the
option’s determinants, k, is

oV __i 80,  dS OB

1=

°In the last footnote, we used the fact that a covered call is like a portfolio that consists of some
wealth in the commodity and some wealth in the riskless asset in order to deduce the composition of
the riskless hedge. The wealth invested in the commodity is (S + nc — nSA.). If we set this value
equal to —§ (i.e., a short sale of the underlying commodity) and solve for n,, we get n, = 2HA, —
¢/S). Substituting the example values, n, = 2/(.747 — 7.061/50) = 3.30.
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In other words, tO find the change in the value of the portfolio resulting from a
change in k, we simply compute how each option value changes from a change in
k, multiply by the number of contracts of that option, and then sum across all option
positions. The commodity and riskless asset positions may also affect the portfolio
value. The same result holds when we examine the second partial derivative:

(12.31)

TR T T

2V <L 220 928 0B
o~ LR o

Now, let us return to the problem of managing changes in commodity price.
The change in portfolio value with respect to a change in commuodity price (i.e.,
the portfolio’s delta) is

N
Ay = ZniAo +ng. (12.32)

=1

Note that by assumption, the value of the riskless asset does not change as the
commodity price changes. To immunize this portfolio from changes in the com-
modity price, we simply compute A, and then take a position in options or the
underlying commodity that makes the portfolio delta value zero.

EXAMPLE 12.5

Assume a futures option market maker has long positions of 150 calls with an
exercise price of 45 and a time to expiration of two months, 200 puts with an
exercise price of 50 and a time to expiration of three months, and 225 calls with
an exercise price of 55 and a time to expiration of three months. Rather than face
the risk that the underlying futures price may move significantly overnight, he
decides to hedge the position using either the futures or calls with an exercise price
of 50 and a time tO expiration of three months. Compare the effectiveness of using
the futures and the 50 call in creating a delta-neutral hedge. Assume the current
futures price is $50, the 50 call is priced at $2.455 and has a delta of .5171, the
riskless rate of interest is 6 percent, and the volatility rate is 25 percent.

Option Exercise Time to Option
Quantity Type Price Expiration Price Delta
150 Call 45 .16667 5.325 0.852
200 Put 50 .25 2.455 -0.468

225 Call 55 .25 0.828 0.23%
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Thus, the portfolio value is
V = 150(5.325) + 200(2.455) + 225(.828) = 1,476.05,
and the portfolio delta is
Ay = 150(.852) + 200(—.468) + 225(.238) = 87.75.

The portfolio delta of 87.75 says that holding this portfolio is like holding a long
position in 87.75 futures contracts. To create a delta neutral portfolio, we can either
(a) sell 87.75 futures contracts or (b) sell 87.75/.5171 = 169.70 calls. Figure 12.31
shows the effectiveness of each hedge.

Figure 12.31 demonstrates that both the delta-neutral futures hedge and the
delta-neutral option hedge reduce the range of possible portfolio values. The
unhedged portfolio has a range of value from about 1400 to 3600 over the range
of commodity prices—the futures hedge from about 1475 to 3000 and the options
hedge from about 1475 to 2500. Clearly, the option hedge is the most effective.

FIGURE 12.31 Portfolio Value as a Function of Commodity Price
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The reason that the option hedge winds up being the most effective has to
do with gamma—the change in delta as the commodity price changes. As the com-
modity price changes, the option portfolio delta value changes. In fact, the option
portfolio gamma is 30.08, as shown below. The futures contract has zero gamma.
so the delta-neutral futures hedge still has a gamma of 30.08. On the other hand.
the 169.70 calls that we sold have a gamma of —169.70(.062758) = —10.65, so
the gamma of the delta-neutral option hedge is 19.43. Nonetheless, the gamma
reduction with the option hedge is incidental in this case, so we will now illustrate
how to account for both delta and gamma in hedging the portfolio against com-
modity price moves.

EXAMPLE 12.6

Again, we are considering the market maker described in Example 12.5. His port-
folio position is

Option  Exercise Time to  Option

Quantity Type Price Expiration Price Delta Gamima
150 Call 45 16667 5.325 0.852 04304
200 Put 50 .25 2.455  -0.468 06276
225 Call 59 .25 0.828 0.238 04922

As in the last example, the portfolio value is 1476.05, and the portfolio delta 1s
87.75. The portfolio gamma is

vy = 150(.04304) + 200(.06276) + 225(.04922) = 30.08.

To hedge both delta and gamma risk, two options are needed (i.e., the futures
has zero gamma, SO it is not effective at tailoring the gamma risk of the portfolio).
In addition to the 50 call, which was available in Example 12.5, we will also
assume that a three-month 55 put is available. Its price is $7.754, its delta is
— 7468, and its gamma is .04922. The 50 call has a gamma of .06276.

To compute the optimal delta-neutral/gamma-neutral hedge from these two
options, we solve the following system of equations. We want the portfolio to be
delta-neutral, so

ne(.5171) + np(—.7468) = —87.75.
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We also want the portfolio to be gamma-neutral, so

ne(.06276) + 1,(.04922) = —30.08.

To solve, we can isolate n, in the first equation, substitute into the second, and
solve for n,. The value of n, is —138.93. We then substitute for n, in the first
equation and find that n, is — 370.34.

The value of the delta-neutral/gamma-neutral hedge portfolio is plotted in
Figure 12.32, along with the unhedged portfolio value. Clearly, the hedge is effec-
tive. Where the unhedged portfolio varies by more than 2000 over the commodity
price range shown, the hedged portfolio appears to vary by less than 200.

FIGURE 12.32 Portfolio Value as a Function of Commodity Price
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Note that in Example 12.6, only two options are assumed to be available for
setting the delta-neutral/gamma-neutral hedge. In practice, many options are avail-
able with which to set this hedge. At least two options are needed to execute the
hedge, but more options can be used. Linear programming is sometimes used to
find the minimum-cost set of options that will eliminate delta and gamma risk.
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Managing Unexpected Changes in Volatility

Along with commodity price risk, traders also find themselves in a position where
their option portfolios may suffer large losses if the volatility underlying the options
shifts. For example, a market maker may be short calls and puts, and, while the
position may be delta-neutral, a sudden increase in volatility will cause the market
maker to incur significant losses. Like the delta-hedge shown above, the market
maker can hedge volatility through vega-hedging.

EXAMPLE 12.7

Again, we are considering a market maker in the futures option contracts described
in Example 12.5. This market maker’s portfolio, however, is distinctly different. He
is short 180 three-month 50 calls and 200 three-month 50 puts.

Option Exercise Time to  Option

Quantity Type Price Expiration Price Delta  Vega
-180 Call 50 .25 2.455 0.517 9.806
-200 Put 50 .25 2.455 -0.468 9.806

Note that at-the-money futures options have the same price.
The portfolio is nearly delta-neutral, as is shown below:

Ay = —180(.517) 4+ —200(—.468) = .54.

Unfortunately, the vega-exposure is substantial:

Vegay = —180(9.806) + —200(9.806) = —3726.28.

This means that if volatility increases from its current level of 25 percent to, say,
26 percent, the portfolio value will drop by 37.26 dollars.

To hedge this risk, assume that the three-month 55 put from Example 12.6
is available. The 55 put has a vega of 7.69. In order to eliminate the vega risk of
the portfolio, we should buy
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_3726.28

Mp = —= &g = 484.56

puts. Figure 12.33 illustrates the effectiveness of this procedure.

Clearly, the vega-hedge is shown to be effective at eliminating the effects of
shifts in volatility. Note, however, that the purchase of the 55 puts dramatically
affected the portfolio’s delta. It is now at a level of 484.56(— 7468) + 54 =
—361.33. This example is intended only to show how vega risk can be managed.
Obviously, simultaneously considering delta, gamma, and vega may be sensible;
this can be done with three or more available options.

FIGURE 12.33 Portfolio Value as a Function of Volatility
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Managing Time Decay

Our final discussion has to do with time decay. Long positions in options deteriorate
in value through time as the prospect of a large commodity price move diminishes.
Figure 12.34 illustrates how an at-the-money call option drops in value as its expi-

ration date approaches.
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FIGURE 12.34 Time Decay of an At-the-Money Call Option
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The slope of the curve shown is the option’s theta, that is, the change in
option value as the time to expiration changes. At first the rate of decay is slow.
In the final days before expiration, the rate is considerably faster. An implication
of this figure is that managing time decay is more difficult as the time to option
expiration is shortened.

To manage time decay, we use the same mechanics as we used for the other
partial derivatives. In place of using delta, gamma, or vega, we find an option or
options to negate the portfolio theta.

EXAMPLE 12.8

Consider the portfolio of the futures option market maker in Example 12.7. How
can this person eliminate the time decay in his portfolio by using the 50 call option?
The portfolio position is

Option  Exercise Time to Option
Quantity Type Price Expiration Price Theta
150 Call 45 .16667 5.325 3.043
200 Put 50 .25 2.455 4.756

225 Call 55 .25 0.828 7.690
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The portfolio theta is, therefore,

© = 150(3.043) + 200(4.756) + 225(7.690) = 3,137.90,

which means that, over the next day, the portfolio value will erode by 3,137.90

(1/365) = 8.597.
A theta-hedge can be created using the 50 call. Its theta is 4.756. To eliminate
the time decay, we should sell 3,137.90/4.756 = 659.78 contracts.

In this section, we showed how portfolio delta, gamma, vega, and theta values
may be used to effectively manage the value of an option portfolio. While the illus-
trations typically focused on one dimension at a time, it is clear that the daily man-

12.5 SUMMARY

In this chapter, we accomplished four things. First, we developed and analyzed
more than fifty option trading strategies. Each strategy was put together from its
basic security components and illustrated with a profit diagram. Breakeven com-
modity prices, maximum losses, and maximum gains were provided. Second, we
showed that by using the lognormal commodity price distribution assumption from
Chapter 11, we can compute probabilities of losses and gains, as well as the
expected profit for each trading strategy. In the third section, we showed that a
regression approach can be used to create long-term options from short-term
options. Finally, we discussed the daily risk management of option portfolios.



